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Connection between Yangian symmetry and the quantum
inverse scattering method

Shuichi Murakami† and Miki Wadati
Department of Physics, Faculty of Science, University of Tokyo, Hongo 7-3-1, Bunkyo-ku,
Tokyo 113, Japan

Received 28 May 1996

Abstract. The quantum nonlinear Schrödinger model with two-component fermions exhibits
a Yangian symmetry when considered on an infinite interval. We construct the generators of
the Yangian using Dunkl operators. We show an equivalence between the monodromy matrix
constructed from the Dunkl operators and that of the quantum inverse scattering method. Under
the Yangian algebra the space of states with a fixed particle number forms a tensor product
representation of fundamental representations.

1. Introduction

The spin generalizations of the Calogero–Sutherland models [1, 2] and the Haldane–Shastry
spin chains [3, 4] have played a prominent role in the recent development of the theory of
quantum integrable models. The models were shown [1, 5] to exhibit a Yangian symmetry
[6]. This Yangian symmetry can be derived from a representation of the degenerate affine
Hecke algebra [1]. One of the important features of these models is that the Yangian
symmetry coexists with the periodic boundary condition (PBC), while in other quantum
models solved by the Bethe ansatz the Yangian symmetry is broken by the PBC. Even in
such cases the Yangian symmetry survives in the limit of an infinite interval. For example,
the Hubbard model on the infinite interval has the Yangian symmetry Y(sl(2)) ⊕ Y(sl(2))

[7] and similar discussions on the degenerate affine Hecke algebra can be developped [8].
In this paper we consider the quantum nonlinear Schrödinger model with spin-12 fermions

(δ-function fermion gas) with repulsive interaction [9–11]. It possesses a trivial sl(2)
symmetry, and when we consider the model on a finite interval the sl(2) symmetry is
possibly the only symmetry of it. However, when considered on an infinite interval, the
model gains a larger symmetry, the Yangian symmetry Y(sl(2)), and therefore its spectrum
is highly degenerate. We construct a representation of the generators of Y(sl(2)) following
[1, 8]. First we introduce a representation of the degenerate affine Hecke algebra. The
representation [12–14] is expressed in the form of Dunkl operators. Using it we obtain
a monodromy matrixT (u) satisfying the exchange relation (sometimes, the Yang–Baxter
relation),

R00′(u − v)T0(u)T0′(v) = T0′(v)T0(u)R00′(u − v) (1.1)

whereu, v are spectral parameters. Then we find the generators of Y(sl(2)) in the expansion
of the monodromy matrix. Since the Hamiltonian of the quantum nonlinear Schrödinger
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model of spin-12 fermions is found in the quantum determinant of the monodromy matrix,
this model is related to the Yangian Y(sl(2)).

On the other hand, there is another monodromy matrixT̃ (u) for the model. It is
constructed by the quantum inverse scattering method (QISM) [15, 16]. This monodromy
matrix is a 3× 3 matrix whose elements are second-quantized operators, while the
monodromy matrix made from the Dunkl operators is a 2× 2 matrix with elements of
first-quantized operators. Though these two matrices are far from alike at first sight, we
can show that a 2× 2 submatrix of the QISM monodromy matrix is identical with the
monodromy matrix made from the Dunkl operators. This is a main result of this paper.

As an application of this remarkable relation, we consider the Yangian representation
which n-particle states form. We find that the QISM states of a fixed particle number
transform under the Yangian algebra as a tensor product representation of fundamental
representations, which is quite natural with the physical meaning of the coproduct. Since
this representation is proved to be irreducible, all the states with a fixed particle number can
be obtained from the Yangian highest weight state, which is a plane wavestate of up-spin
particles only. In this way, we obtain a simple description of particle states.

This paper is organized as follows. In section 2 we present a monodromy matrix
satisfying the exchange equations out of a representation of the degenerate affine Hecke
algebra. Then the generators of the Yangian Y(sl(2)) are constructed from the monodromy
matrix in the usual way. Section 3 relates this Yangian symmetry with the quantum nonlinear
Schr̈odinger model of spin-12 fermions. In section 4 we explain the QISM for the model
on the infinite interval, introducing another monodromy matrix. An equivalence between
the two monodromy matrices is established in section 5. As an application we investigate
the Yangian representations of particle states in section 6. The last section is devoted to
concluding remarks.

2. Representation of the degenerate affine Hecke algebra and the Yangian Y(sl(2))

The degenerate affine Hecke algebra has proved to be quite useful in the theory of quantum
solvable models. The degenerate affine Hecke algebra is defined by two sets of generators,
di(i = 1, . . . , n) andKii+1(i = 1, . . . , n − 1), satisfying the following relations;

Kii+1Ki+1i+2Kii+1 = Ki+1i+2Kii+1Ki+1i+2 (2.1)

K2
ii+1 = 1 (2.2)

[Kii+1, dk] = 0 k 6= i, i + 1 (2.3)

Kii+1di − di+1Kii+1 = −ic (2.4)

[di, dj ] = 0 (2.5)

wherec is a constant. The extra factor−i on the RHS of equation (2.4) is introduced for
later convenience. Clearly the operatorsKii+1(i = 1, . . . , n − 1) generate the symmetric
group Sn. We consider a representation of this algebra acting on the space of functions
of n variablesx1, . . . , xn. The operatorKii+1 is represented by a permutation of variables
{x1, . . . , xn},

(Kii+1f )(x1, . . . , xi, xi+1, . . . , xn) = f (x1, . . . , xi+1, xi, . . . , xn) (2.6)

and the operatordi is represented by the differential operator (Dunkl operator) [12–14];

di = −i
∂

∂xi

− ic
∑
j (>i)

θ(xj − xi)Kij + ic
∑
j (<i)

θ(xi − xj )Kij . (2.7)
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Hereθ(x) is the step function;

θ(x) =


1 x > 0
1
2 x = 0

0 x < 0.

(2.8)

We can easily verify that these operators satisfy the defining relations (2.1)–(2.5) of
the degenerate affine Hecke algebra. From the physical viewpoint we shall regard this
representation space as a space of wavefunctions ofn-particles with coordinatesx1, . . . , xn.
We assume that each particle has a spinσi taking two valuesσi =↑, ↓.

It is convenient to introduce a projectionπ as

π(OKij ) = −π(O)Pij (2.9)

wherePij exchanges the spins of particlesi andj andO is an arbitrary operator. In physics,
this operation means a projection onto the subspace of fermionic wavefunctions. Note that
Pij commutes withKkl and with dk. We apply the rule (2.9) repeatedly until allKij are
eliminated. Using this projection, we can construct a monodromy matrix which satisfies the
exchange relation and preserves the space of fermionic wavefunctions.

The monodromy matrixT0(u) is defined by

T̂0(u) =
(

1 + icP01

u − d1

)
. . .

(
1 + icP0n

u − dn

)
(2.10)

T0(u) = π(T̂0(u)) (2.11)

where the subscript ‘0’ indicates that it operates upon the auxiliary space indexed as zero.
The exchange relation (1.1) takes the form;

(u − v + icP00′)T0(u)T0′(v) = T0′(v)T0(u)(u − v + icP00′). (2.12)

A proof of this exchange relation reduces to the following two relations;

(u − v + icP00′)T̂0(u)T̂0′(v) = T̂0′(v)T̂0(u)(u − v + icP00′) (2.13)

π(T̂0(u)T̂0′(v)) = π(T̂0(u))π(T̂0′(v)) (2.14)

equation (2.13) holds since the operatorsdi commute with each other and withPij . For a
proof of equation (2.14), it is sufficient to show

π(Kii+1T̂0′(v)) = −Pii+1π(T̂0′(v)) (2.15)

which can be proven as in [1]. Then, the monodromy matrix (2.11) with (2.10) satisfies the
exchange relation (2.12).

Next we shall construct a representation of the Yangian algebra out of the above
monodromy matrix. Since the particles have spin-1

2, the Yangian algebra Y(sl(2)) emerges
in this case. The Yangian Y(sl(2)) is generated by six generatorsQa

k(a = 1, 2, 3, k = 0, 1)

satisfying [6, 17]

[Qa
0, Q

b
0] = f abcQc

0 (2.16)

[Qa
0, Q

b
1] = f abcQc

1 (2.17)

[[Qa
1, Q

b
1], [Qc

0, Q
d
1]] + [[Qc

1, Q
d
1], [Qa

0, Q
b
1]]

= λ2(Aabkefgf cdk + Acdkefgf abk){Qe
0, Q

f

0 , Q
g

1} (2.18)

whereλ is a non-zero constant,f abc = iεabc is the structure constant of sl(2) withεabc

being the totally antisymmetric tensor, and

Aabcdef = f adkf belf cf mf klm. (2.19)
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We use the convention that a summation is performed over any indices appearing twice.
The bracket{ } in (2.18) indicates the symmetrized product;

{x1, . . . , xm} = 1

m!

∑
σ∈Sm

xσ1 . . . xσm
. (2.20)

Using the exchange relation (2.12) we get a representation of the Yangian Y(sl(2)).
The generators of Y(sl(2)) (Qa

k, k = 0, 1, a = 1, 2, 3) are found in the expansion of the
monodromy matrix with respect to the spectal parameteru;

T0(u) = 1 + ic
∞∑

k=0

1

uk+1
(Q0

k1 + 2Qa
kt

a
0 ) (2.21)

where 2ta0 are the Pauli matrices and1 is the 2× 2 identity matrix, both acting on the
auxiliary space. Hereafter we shall omit the subscript ‘0’ inT0(u) unless it is necessary.
The constantλ in equations (2.16)–(2.18) is determined asλ = ic. The explicit forms of
the generators are

Qa
0 =

n∑
j=1

taj (2.22)

Qa
1 = − i

n∑
j=1

taj
∂

∂xj

+ ic

2

∑
i 6=j

ε(xi − xj )f
abctbi t cj + ic(n − 1)

2
Qa

0 (2.23)

where 2taj is the Pauli matrix acting on thej th spin andε(x) is the signature function,

ε(x) =


x

|x| x 6= 0

0 x = 0.
(2.24)

3. Conserved operators of the quantum nonlinear Schr̈odinger model

Given a monodromy matrix satisfying the exchange relation (2.12), we can construct an
operator commutable with every component of the monodromy matrix. Such an operator,
known as the quantum determinant [15], is given by

Detq T (u) = T11(u − ic)T22(u) − T21(u − ic)T12(u) (3.1)

whereTαβ(u)(α, β = 1, 2) are the elements of the monodromy matrixT0(u),

T (u) =
(

T11(u) T12(u)

T21(u) T22(u)

)
. (3.2)

It is easily evaluated to be of the following compact form;

Detq T (u) = π

(
1̂n(u + ic)

1̂n(u)

)
= 1n(u + ic)

1n(u)
(3.3)

where1̂n(u) = ∏n
j=1(u − dj ) and1n(u) = π(1̂n(u)). A straightforward calculation also

shows that the operator̂1n(u) commutes withKii+1, Pii+1 anddi , and then we get

[1̂n(u), 1̂n(v)] = 0 (3.4)

[1n(u), Tαβ(v)] = 0 (3.5)

[1n(u), 1n(v)] = 0. (3.6)
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We expand1n(u) as

1n(u) =
n∑

j=0

(−1)jCju
n−j = C0u

n − C1u
n−1 + · · · + (−1)nCn. (3.7)

Note thatCj andCi(i 6= j) commute due to (3.6). The first three ofCj are calculated as

C0 = 1 C1 = P̂ C2 = 1
2(P̂ 2 − Ĥ ) (3.8)

where

P̂ = −i
n∑

i=1

∂

∂xi

(3.9)

Ĥ = −
n∑

i=1

∂2

∂x2
i

+
∑

16i<j6n

2cδ(xi − xj ). (3.10)

Assumingc to be real, we notice that the operatorĤ is the first-quantized version of the
Hamiltonian of the quantum nonlinear Schrödinger model for two-component fermions.
The operatorP̂ indicates the total momentum. Therefore, we have obtainedn conserved
operatorsC1, . . . , Cn of the quantum nonlinear Schrödinger model for two-component
fermions including its Hamiltonian. Since they are in involution, [Ci, Cj ] = 0, the model
is integrable. From equation (3.5) we deduce

[Ĥ , Qa
0] = 0 [Ĥ , Qa

1] = 0 (3.11)

[P̂ , Qa
0] = 0 [P̂ , Qa

1] = 0. (3.12)

Relations in (3.11) show that the model exhibits the Y(sl(2)) symmetry.
To conclude this section, we shall perform the second-quantization of the above operators

in order to relate them to the QISM operators. Letφα(x)(α =↑, ↓) denote fermionic field
operators satisfying canonical anticommutation relations;

[φα(x), φ
†
β(y)]+ = δαβδ(x − y)

[φα(x), φβ(y)]+ = 0 (α, β =↑, ↓). (3.13)

The vacuum|0〉 is defined asφα(x)|0〉 = 0. The first three conserved operators for
the quantum nonlinear Schrödinger model of spin-12 fermions are given by the following
expression;

N̂ =
∫

dx φ†
α(x)φα(x) particle number (3.14)

P̂ = −i
∫

dx φ†
α(x)

∂

∂x
φα(x) total momentum (3.15)

Ĥ =
∫

dx

{
∂φ†

α

∂x

∂φα

∂x
+ cφ

†
βφ†

αφαφβ

}
Hamiltonian. (3.16)

We can also derive the second-quantized form of Yangian generators as

Qa
0 =

∫
dxtaβαφ

†
β(x)φα(x) (3.17)

Qa
1 = −i

∫
dx taβαφ

†
β

∂φα(x)

∂x

− ic

2

∫
dx dy ε(y − x)taβσφ

†
β(x)φ†

α(y)φα(x)φσ (y) + ic

2
(N̂ − 1)Qa

0 (3.18)

where 2ta are the Pauli matrices.
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4. QISM of the nonlinear Schrödinger model on the infinite interval

We shall investigate the connection between the Yangian symmetry and the QISM. The
QISM for the model (3.16) is formulated as follows [16]. Hereafter we assumec > 0, i.e.
the repulsive interaction. The auxiliary linear equation reads as

∂

∂x
T̃ (x, y|k) =: L(x, k)T̃ (x, y|k) : (4.1)

T̃ (x, y|k)|x=y = I3 (4.2)

L(x, k) =
 i k

2 0 i
√

cφ↑(x)

0 i k2 i
√

cφ↓(x)

−i
√

cφ
†
↑(x) −i

√
cφ

†
↓(x) −i k

2

 . (4.3)

Here : : indicates the normal ordering andI3 is the 3×3 unit matrix. We regard 3×3 matrices
appearing here as supermatrices where the elements(1, 1), (1, 2), (2, 1), (2, 2), (3, 3) are
bosonic operators and the others are fermionic ones. Then the monodromy matrixT̃ (k) on
the infinite interval is defined as

T̃ (k) = lim
x→∞
y→−∞

[ e−i k
2 x 0 0

0 e−i k
2 x 0

0 0 ei k
2 x

]
T̃ (x, y|k)

[ ei k
2 y 0 0
0 ei k

2 y 0
0 0 e−i k

2 y

]
. (4.4)

We express the elements ofT̃ (k) as

T̃ (k) =
[

A↑↑(k) A↑↓(k) B↑(k)

A↓↑(k) A↓↓(k) B↓(k)

C↑(k) C↓(k) D(k)

]
. (4.5)

It is possible to derive the commutation rules among the operatorsAαβ(k), Bα(k), Cα(k),
D(k). Let ⊗s denote the tensor product in the sense of supermatrices, i.e.

(A ⊗s B)ij,kl = AikBjl(−1)(p(i)+p(k))p(j) (4.6)

wherep(1) = p(2) = 1, p(3) = 0. The monodromy matrix̃T (u) satisfies the following
generalized exchange relation [16];

R+(u − v)[T̃ (u) ⊗s T̃ (v)] = [T̃ (v) ⊗s T̃ (u)]R−(u − v) (4.7)

where

R±(u − v) =
2∑

i,j=1

(
1

u − v

−ic

u − v − ic
eii ⊗ ejj + −1

u − v − ic
eij ⊗ eji

)

±iπδ(u − v)

2∑
i=1

(eii ⊗ e33 − e33 ⊗ eii) + u − v + ic

(u − v + iε)2

2∑
i=1

ei3 ⊗ e3i

+ 1

u − v − ic

2∑
i=1

e3i ⊗ ei3 + 1

u − v
e33 ⊗ e33. (4.8)

In the above,eij is a 3× 3 matrix with elements(eij )pq = δipδjq and ⊗ is a matrix
tensor product in the usual sense. Taking matrix elements from equation (4.7), some of the
commutation relations, which will be used in later discussions, are

D(k)D(p) = D(p)D(k) (4.9)

Cα(k)D(p) = k − p

k − p − ic
D(p)Cα(k) (4.10)

Cα(k)Cβ(p) = − k − p

k − p − ic
Cβ(p)Cα(k) − ic

k − p − ic
Cα(p)Cβ(k). (4.11)
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Relation (4.9) implies thatD(k) is a generator of conserved operators including the
HamiltonianĤ . Indeed, the expansion ofD(k) in powers ofk−1 yields

D(k) = 1 + icN̂

k
+ 1

k2
{icP̂ − c2

2
N̂(N̂ − 1)}

+ 1

k3

{
icĤ − c2P̂ (N̂ − 1) − ic3

6
N̂(N̂ − 1)(N̂ − 2)

}
+ O

(
1

k4

)
. (4.12)

Explicit forms of the operatorŝN, P̂ andĤ have been given in (3.14)–(3.16).
We now define an operatorR†

α(k), which is a quantum analogue of the reflection
coefficient, as

R†
α(k) = i√

c
Cα(k)D−1(k) α =↑, ↓ . (4.13)

The operatorR†
α(k) satisfies the commutation relations,

[N̂, R†
α(k)] = R†

α(k) (4.14)

[P̂ , R†
α(k)] = kR†

α(k) (4.15)

[Ĥ , R†
α(k)] = k2R†

α(k). (4.16)

These relations indicate that this operator plays a role of the creation operator of a
quasiparticle with momentumk and energyk2.

5. Second-quantization of the monodromy matrix

From the second-quantized forms of Detq T (u), Qa
0 andQa

1 in section 3, we can in principle
expressQ0

k, Qa
k and the monodromy matrixT (u) in a second-quantized form (see the

appendix). Then, the following theorem holds.

Theorem 1.

Tαβ(u) = Aαβ(u) (5.1)

Detq T (u) = Detq A(u) = D(u) (5.2)

whereT (u) is regarded as a second-quantized form of the monodromy matrix (2.11).

These relations are quite surprising sinceT (u) andA(u) are far from alike. For a proof of
the theorem there is no need to second-quantize the full formula ofT (u). The proof goes
as follows. First we see thatTαβ(u) andAαβ(u) satisfy the same exchange relation (2.12).
This indicates that two Y(sl(2)) representations are derived respectively from these two
monodromy matrices. Next we check thatQa

0, Qa
1 and the quantum determinant obtained

from Tαβ(u) and those fromAαβ(u) are equal. Since the Yangian Y(gl(2)) is generated by
Qa

0, Qa
1, and the quantum determinant (see the appendix), we conclude that the full formulae

for Tαβ(u) andAαβ(u) are equal.

Proof. To begin with, we see thatAαβ(u) andTαβ(u) obey the same commutation relations;

(u − v)[Aβγ (u), Aαδ(v)] = ic{Aαγ (v)Aβδ(u) − Aαγ (u)Aβδ(v)} (5.3)

(u − v)[Tβγ (u), Tαδ(v)] = ic{Tαγ (v)Tβδ(u) − Tαγ (u)Tβδ(v)}. (5.4)

Equation (5.4) is equivalent to the exchange relation (2.12), and equation (5.3) is obtained
by extracting a submatrix of a generalized exchange relation (4.7).
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Secondly we compare the two sets of Y(sl(2)) generators derived respectively from
Aαβ(u) andTαβ(u). By partial integrations ofAαβ(k);

Aαβ(k) = δαβ +
∞∑

n=1

(−c)n
∫ n∏

j=1

dyj

n∏
j=1

dzj θ(zn < yn < · · · < z1 < y1)

×φ†
γ1

(z1) . . . φ†
γn−1

(zn−1)φ
†
β(zn)φγn−1(yn) . . . φγ1(y2)φα(y1)e

ik(
∑

z−∑
y) (5.5)

we get

Aαβ(k) = δαβ + ic

k

∫
dx φ

†
β(x)φα(x) + 1

k2

{
c

∫
dx φ

†
β(x)

∂

∂x
φα(x)

−c2
∫

dx

∫
dy θ(x − y)φ†

γ (x)φ
†
β(y)φγ (y)φα(x)

}
+ O

(
1

k3

)
. (5.6)

Since the matrixAαβ(u) satisfies an exchange relation (2.12), we can deduce a representation
of Y(sl(2)) from Aαβ(u) as well. We put

A(u) = 1 + ic
∞∑

k=0

1

uk+1
(Q̃0

k1 + 2Q̃a
k t

a) (5.7)

whereA(u) is regarded as a 2× 2 matrix with elementsAαβ(u). Then it follows that

Q̃a
0 =

∫
dx taβαφ

†
β(x)φα(x) = Qa

0 (5.8)

Q̃a
1 = −i

∫
dx taβαφ

†
β(x)

∂

∂x
φα(x) − ic

2

∫
dx dy ε(y − x)taβσφ

†
β(x)φ†

α(y)φα(x)φσ (y)

+ ic

2
(N̂ − 1)Q̃a

0 = Qa
1. (5.9)

Therefore, two representations of Y(sl(2)) deduced respectively fromAαβ(u) and from
Tαβ(u) are identical.

Finally we check that the two quantum determinants calculated fromAαβ(u) andTαβ(u)

are identical, i.e. equation (5.2) holds. into We can show that the three operators in
equation (5.2) acting on then-particle state

|9〉 = R
†
i1
(k1) . . . R

†
in
(kn)|0〉 (5.10)

give the same eigenvalue;

D(u)|9〉 =
n∏

j=1

u + ic − kj

u − kj

|9〉 (5.11)

Detq A(u)|9〉 =
n∏

j=1

u + ic − kj

u − kj

|9〉 (5.12)

Detq T (u)|9〉 =
n∏

j=1

u + ic − kj

u − kj

|9〉 (5.13)

which shows the validity of equation (5.2). Note that then-particle states (5.10) form a
complete set [11]. It is easy to show equations (5.11) and (5.12) using the commutation
relation between the QISM operators. And we have explicitly shown equation (5.13) in the
casek1, . . . , kn are all distinct. We shall only sketch the outline of the proof of (5.13) since
the proof itself is quite complicated and inessential for later discussions. We first explicitly
calculate the coordinate wavefunction9(x1, . . . , xn) out of |9〉. It has a well known Bethe
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ansatz form. Then we decompose it into eigenstates ofdj (k = 1, . . . , n) and obtain the
following;

9(x1, . . . , xn) =
∑
σ∈Sn

9σ (x1, . . . , xn) (5.14)

dj9
σ (x1, . . . , xn) = kσj9

σ (x1, . . . , xn) (j = 1, . . . , n). (5.15)

Then equation (5.11) follows from the fact that Detq T (u) is a symmetric function of
d1, . . . , dn (see equation (3.3)). Thus, we have shown theorem 1. �

Utilizing the above result, we calculate commutators between the Yangian generators
and the QISM operatorsCα(k), D(k). For that purpose we make use of the following
commutation rules for the QISM operators;

[Aαβ(k), Cγ (p)] = ic

k − p
Cβ(p)Aαγ (k) (5.16)

[Aαβ(k), D(p)] = 0. (5.17)

The commutators are calculated as

[Qa
1, D(k)] = 0 = [Qa

0, D(k)] (5.18)

[Qa
1, Cα(k)] = ktaβαCβ(k) − icf abctbβαCβ(k)Qc

0 + ic

2
Cβ(k)N̂taβα + ic

2
Cα(k)Qa

0 (5.19)

[Qa
0, Cα(k)] = taβαCβ(k). (5.20)

Recall that D(k) is a generator of conserved operators including the particle number
N̂ , the total momentumP̂ , and the HamiltonianĤ . Of course equation (5.18) implies
equations (3.11) and (3.12) again. By putting

Qa′
1 = Qa

1 − ic

2
(N̂ − 1)Qa

0 (5.21)

the commutation rule (5.19) is cast into a simpler form

[Qa′
1 , Cα(k)] = ktaβαCβ(k) − icf abctbβαCβ(k)Qc

0. (5.22)

This redefinition(Qa
1 → Qa′

1 ) does not affect the defining relations of the Yangian. If
the constantc is real, all the generators of the Yangian Y(sl(2)) become Hermitian by the
redefinition. Using equations (5.18)–(5.20) we deduce

[Qa′
1 , R†

α(k)] = ktaβαR
†
β(k) − icf abctbβαR

†
β(k)Qc

0

[Qa
0, R

†
α(k)] = taβαR

†
β(k).

(5.23)

These relations play an essential role in discussing the representations of the Yangian in the
next section.

6. Yangian representations

We note that the vacuum|0〉 is invariant under this Yangian representation;

Qa
0|0〉 = 0 Qa′

1 |0〉 = 0. (6.1)

Let n denote the number of particles. We can consider that the space ofn-particle
states is spanned by the states ofn quasiparticlesR†

α1
(k1) . . . R†

αn
(kn)|0〉(αj =↑, ↓) . The

quasimomenta{ki} should be real since imaginary quasimomenta cause a divergence of a
wavefunction at|x| → ∞.
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In the n = 1 sector we have

Qa
0R

†
α(k)|0〉 = taβαR

†
β(k)|0〉 (6.2)

Qa′
1 R†

α(k)|0〉 = ktaβαR
†
β(k)|0〉. (6.3)

The action ofQa′
1 on the 1-particle states isk times that ofQa

0. We call this representation
the fundamental representationW1(k), following Chari and Pressley [18].

In the n = 2 sector we get

Qa
0R

†
α(k1)R

†
σ (k2)|0〉 = (taβαδρσ + δβαtaρσ )R

†
β(k1)R

†
ρ(k2)|0〉 (6.4)

Qa′
1 R†

α(k1)R
†
σ (k2)|0〉 = (k1t

a
βαδρσ + k2δβαtaρσ − icf abctbβαtcρσ )R

†
β(k1)R

†
ρ(k2)|0〉. (6.5)

This representation is easily identified as a tensor product representationW1(k1) ⊗ W1(k2),
where the comultiplication1 is defined as

1(Qa
0) = Qa

0 ⊗ 1 + 1 ⊗ Qa
0 (6.6)

1(Qa′
1 ) = Qa′

1 ⊗ 1 + 1 ⊗ Qa′
1 − icf abcQb

0 ⊗ Qc
0. (6.7)

Similarly, the n-particle statesR†
α1

(k1) . . . R†
αn

(kn)|0〉(αj =↑, ↓) transform under the
Yangian Y(sl(2)) as a tensor product representation

W1(k1) ⊗ · · · ⊗ W1(kn). (6.8)

Since the quasimomenta{ki} are all real, these representations are irreducible under Y(sl(2)),
[18] while they are not under the subalgebra sl(2).

Because of this irreducibility, using Yangian generators we can construct all then-
particle states out of the Yangian highest weight state

R
†
↑(k1) . . . R

†
↑(kn)|0〉. (6.9)

By induction we can show that (6.9) is equal to

φ
†
↑(k1) . . . φ

†
↑(kn)|0〉. (6.10)

This equality is quite natural since the repulsive contact interaction never occurs between
up-spin particles due to the Pauli principle. In conclusion, all then-particle states can
be constructed out of the state (6.10) by using the Yangian generators (3.17) and (3.18).
The interesting point is that these three formulae are written in terms ofφi(k), not Ri(k).
Therefore, in order to describe all then-particle states, there is no need to useRi(k).

7. Concluding remarks

In the present paper we have dealt with the quantum nonlinear Schrödinger model with
two-component fermions. We think it is possible to extend the above discussions to the
multicomponent quantum nonlinear Schrödinger models and to other models solvable by the
QISM. A wide applicability of this method would give us a deeper insight into the quantum
solvable models. We make a remark on a particularity of the Hubbard model. A Yangian
symmetry was found [7] for the Hubbard model. A similar analysis using the degenerate
affine Hecke algebra is possible, but its Hamiltonian appears in1n(u) in the form separated
into the left- and the right-hopping parts [8]. It prevents us from the further investigation
of the Hubbard model along this method.

We have discussed the connection between the Yangian symmetry and the QISM.
Especially, equations (5.1) and (5.2) are quite interesting since the two monodromy matrices
T (u) and T̃ (u) (A(u) is a submatrix ofT̃ (u)) have completely different origins. This
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interesting correspondence should be a consequence of a more profound structure of the
model, which is left as a future problem. On the analogy with this model, we suggest
that in other integrable models the QISM on the infinite interval would present an infinite-
dimensional symmetry, e.g. the Yangian symmetry or the quantum affine algebra symmetry.

We have also presented a Y(sl(2)) representation of the particle states of the model. As
noted in the previous section, the irreducibility of the Yangian representations of the particle
states allows us a simple description of the particle states, which we believe is useful for
further investigations of the model.
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Appendix. Derivation of Y(sl(2)) from the exchange relation

We begin with the exchange relation for the 2× 2 transfer matrixT (u),

((u − v) + h̄P00′)T0(u)T0′(v) = T0′(v)T0(u)((u − v) + h̄P00′) (A.1)

whereP denotes the permutation operator defined byP(x ⊗ y) = y ⊗ x. Extracting the
component of the above relation, we get

(u − v)[T αβ(u), T γρ(v)] = h̄[T γβ(v)T αρ(u) − T γβ(u)T αρ(v)]. (A.2)

Assuming that lim|u|→∞ T (u) = 1, we expandT (u) by u−1;

T (u) = 1 + h̄

u

∞∑
n=0

1

un
Tn+1

= 1 + h̄

u

∞∑
n=0

1

un
(Q0

n1 + Qa
nσ

a) (A.3)

whereσa(a = 1, 2, 3) denote the Pauli matrices and we adopt the convention that we take
a summation over the repeated indices. Substituting it to equation (A.2), we have

[T αβ

1 , T γρ
n ] = δαρT γβ

n − δγβT αρ
n (A.4)

[T αβ

m+1, T
γρ
n ] − [T αβ

m , T
γρ

n+1] = h̄(T γβ
n T αρ

m − T γβ
m T αρ

n ). (A.5)

In order to find the Y(sl(2)) structure we change the matrix basis into{1, σ a} and we get

[Qa
0, Q

0
n] = 0 (A.6)

[Qa
0, Q

b
n] = f abcQc

n (A.7)

[Q0
m, Q0

n] = 0 (A.8)

[Qa
m, Qa

n] = 0 (A.9)

[Q0
m, Qa

n] = [Q0
n, Q

a
m] (A.10)

[Qb
m, Qc

n] = [Qb
n, Q

c
m] (A.11)

[Qb
m+1, Q

c
n] − [Qb

m, Qc
n+1] = h̄f bcd(Qd

nQ
0
m − Qd

mQ0
n) (A.12)

[Q0
m+1, Q

a
n] − [Q0

m, Qa
n+1] = h̄

2
f abc(Qb

nQ
c
m − Qb

mQc
n). (A.13)
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From these equations we can derive a recursion formula forQa
n;

Qa
n = −f abcQb

1Q
c
n−1 + h̄(Qa

0Q
0
n−1 − Qa

n−1Q
0
0). (A.14)

A recursion formula forQ0
n should be studied separately since it is related to the existence

of a centre of the whole algebra.
It is well known that the quantum determinant,

Detq T (u) = T 11(u)T 22(u − h̄) − T 12(u)T 21(u − h̄) (A.15)

commutes with every component of the transfer matrixT (u). Thus, the coefficients of the
expansion

Detq T (u) = 1 + h̄

u

∞∑
n=0

1

un
an (A.16)

belongs to the centre of the algebra. The first few of them are

a0 = 2Q0
0 (A.17)

a1 = 2Q0
1 − h̄Qa

0Q
a
0 + h̄Q0

0Q
0
0 + h̄Q0

0 (A.18)

a2 = 2Q0
2 + h̄2Q0

0 + 2h̄Q0
1 + h̄2(Q0

0Q
0
0 − Qa

0Q
a
0) + h̄(Q0

0Q
0
1 − Qa

0Q
a
1). (A.19)

The general formula foran is

an = 2Q0
n +

n−1∑
m=0

(
n

n − m

)
h̄n−mQ0

m +
n−1∑
q=0

n−q−1∑
p=0

(
n − q − 1

p

)
h̄n−p−q(Q0

qQ
0
p − Qa

qQ
a
p).

(A.20)

We can rewrite this equation in the form of the recursion formula forQ0
n;

Q0
n = 1

2
an − 1

2

n−1∑
m=0

(
n

n − m

)
h̄n−mQ0

m

−1

2

n−1∑
q=0

n−q−1∑
p=0

(
n − q − 1

p

)
h̄n−p−q(Q0

qQ
0
p − Qa

qQ
a
p). (A.21)

Using equations (A.14) and (A.21) we can expressQa
n and Q0

n in terms of Qa
0, Qa

1
andan. The algebra generated byQa

0, Qa
1 andan is called the Y(gl(2)) Yangian, and that

generated byQa
0 andQa

1 is called the Y(sl(2)) Yangian. From equations (A.14) and (A.21),
a knowledge ofQa

0, Q
a
1, an is sufficient for calculating the whole formula ofT (u).
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